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Abstract 
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1 Introduction 

Throughout this paper, let 1 < p < oo. For a non-empty subset I of the set 
Z of the integers, let 1^(1) denote the complex Banach space of all sequences 
X = ixn)nei of complex numbers with norm \\x\\p = {J2n& kn|^)^^^ < co- We 
consider 1^(1) as a closed subspace of P(Z) in the natural way and write Pj for 
the canonical projection from /^(Z) onto F{T). For I = Z"*", the set of the non- 
negative integers, we write and P instead of /^(I) and Pi, respectively. By J we 
denote the operator on Z^(Z) acting by {Jx)n '■= X-n-i, and we set Q := I — P. 

For every Banach space X, let L{X) stand for the Banach algebra of all 
bounded linear operators on X, and write K{X) for the closed ideal of L{X) 
of all compact operators. The quotient algebra L{X)/K{X) is known as the 
Calkin algebra of X. Its importance in this paper stems from the fact that the 
invertibility of a coset A + K{X) of an operator A G L{X) in this algebra is 
equivalent to the Fredholm property of A, i.e., to the finite dimensionality of the 
kernel ker A = {x & X : Ax = 0} and the cokernel coker A = X/imA of A, with 
imA = {Ax : x G X} referring to the range of A. If A is a Fredholm operator 
then the difference indA := dim ker A — dimcokerA is known as the Fredholm 
index of A. 
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Our goal is a criterion for the Fredholm property and a formula for the Fred- 
holm index for operators in the smallest closed subalgebra of L{P) which contains 
all Toeplitz and Hankel operators with piecewise continuous generating function. 
The precise definition is as follows. Let T be the complex unit circle. For each 
function a G L°°{T), let {ak)kez denote the sequence of its Fourier coefficients, 



The Laurent operator L (a) associated with a G L°°(T) acts on the space /°(Z) of 
all finitely supported sequences on Z by {L{a)x)k '■= Ylim&^k-mXm- (For every 
G Z, there are only finitely many non- vanishing summands in this sum.) We 
say that a is a multiplier on /^(Z) if L{a)x G /^(Z) for every x G /°(Z) and if 



is finite. In this case, L{a) extends to a bounded linear operator on /^(Z) which 
we denote by L(a) again. The set of all multipliers on is a Banach 

algebra under the norm ||a||Mp '■= ||-^('^)||- We let M^'^ stand for if p = 2 
and for the set of all a G L°°(T) which belong to for all r in a certain open 
neighborhood of p if p 7^ 2. 

It is well known that = L°°{T). Moreover, every function a with bounded 
total variation Var(a) is in for every p, and the Stechkin inequality 



holds with a constant Cp independent of a. In particular, every trigonometric 
polynomial and every piecewise constant function on T are multipliers for every p. 
We denote the closure in of the algebra V of all trigonometric polynomials and 
of the algebra PC of all piecewise constant functions by Cp and PCp, respectively. 
Thus, Cp and PCp are closed subalgebras of for every p. Note that C2 is just 
the algebra C(T) of all continuous functions on T, and PC2 is the algebra PC(T) 
of all piecewise continuous functions on T. It is well known that Cp C C(T) and 
Cp C PCp C PC (T) for every p. In particular, every multiplier a G PCp possesses 
one-sided limits at every point t G T (see [2] for these and further properties of 
multipliers). For definiteness, we agree that T is oriented counter-clockwise, and 
we denote the one-sided limit of a at t when approaching t from below (from 
above) by a(t~) (by a{t~^)). 

Let a G Mp. The operators T(a) := PL{a)P and H{a) := PL{a)QJ, thought 
of as acting on imP = F are called the Toeplitz and Hankel operator with 
generating function a, respectively. It is well known that ||T(a)|| = j\fp and 
II if (a) II < ||a||jv/p for every multiplier a G Mp. 

For a subalgebra A of M^, we let T{A) and TH(A) stand for the smallest 
closed subalgebra of L^P) which contains all operators T(a) with a G A and all 




L(a)|| := sup{||L(a)a;||p : x G /°(Z), ||x 



p 



1} 



a\\Mp < Cp(||a||oo + Var(a)) 
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operators T(a) + H{b) with a, b & A, respectively. We will be mainly concerned 
with the algebras Cp, PCp, and with their intersections with M^p\ in place of A. 
Now we can state the goal of the paper more precisely: we will state a criterion 
for the Fredholm property of operators in TH(PCp) and derive a formula for the 
Fredholm index of operators T(a) + H[b) with a, b & PCp. 

The study of the Fredholm property of operators in TH (PCp) has a long and 
involved history. We are going to mention only some of its main stages. 

The Fredholm properties of operators in the algebra T(PCp) are well under- 
stood thanks to the work of I. Gohberg/N. Krupnik and R. Duduchava; see [2] 
and the literature cited there. We will need these results later on; therefore we 
recall them in Section |2l Different approaches to these algebras were developed 
in [2] and [11]; our presentation will be mainly based on the latter. 

The structure of the algebras TH (PCp) is much more involved than that of 
T(PCp). For instance, the Calkin image T^(PC) := J{PC)/K{P) of T(PC) is 
a commutative algebra, whereas that one of TH (PC) is not. The Calkin im- 
age of TH (PC) was first described by Power [16]. An alternative approach was 
developed by one of the authors in [21], where it was shown that the algebra 
TH'^(PC) := TH[PC)/K[P) possesses a matrix-valued Fredholm symbol. In the 
present paper, we take up the approach from [21] in order to study the Fredholm 
properties of operators in TH (PCp) for p 7^ 2. 

It should be mentioned that the algebras TH (PCp) have close relatives which 
live on other spaces than such as the Hardy spaces Hp(M.) and the Lebesgue 
spaces LP(M+). The corresponding algebras were examined (with different meth- 
ods) in the report [20], see also the recent monograph [19]. Despite these fairly 
complete results for the Fredholm property, a general, transparent and satisfying 
formula for the Fredholm index of operators in TH (PCp) (or on related algebras) 
was not available until now. Among the particular results which hold under 
special assumptions we would like to emphasize the following. In [12], there is 
derived an index formula for operators of the form XI + H where A G C and 
H is a Hankel operator on H^{M.). Already earlier, some classes of Wiener-Hopf 
plus Hankel operators were studied in connection with diffraction problems; see 
[T3| [H]. Note also that the (very hard) invertibility problem for Toeplitz plus 
Hankel operators is treated in [H [3] . 

Finally we would like to mention that algebras like TH (PCp) can also be 
viewed of as subalgebras of algebras generated by convolution-type operators 
and Carleman shifts changing the orientation. First results in that direction were 
presented in [HI |9] where, in particular, a matrix-valued Fredholm symbol was 
constructed. 

The goal of the present paper is to provide a transparent symbol calculus for 
the Fredholm property as well as a handy formula for the Fredholm index for 
operators in the algebra TH (PCp). The techniques developed and used in this 
paper also allow to handle the corresponding questions for the related algebras 
on the spaces ifP(M) and Lp(M+). 
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2 The Fredholm property 



In what follows, we fix p G (1, oo) and consider all operators as acting on F 
unless stated otherwise. 

As already mentioned, we start with recalling the basic results of the Fredholm 
theory of operators in the algebra T(PCp), which are due Gohberg/Krupnik 
and Duduchava. The functions f±i{t) := t^^ are multipliers for every p. It 
is easy to check that the algebra generated by the Toeplitz operators T{f±i) 
contains a dense subalgebra of K{P). Thus, the ideal K{P) is contained in 
T{Cp), hence also in T(PCp), and it makes sense to consider the quotient algebra 
J{PCp)/K{lP). Clearly, if A G T(PCp) and if the coset A + L{Ip) is invertible in 
T{PCp)/ K{F), then it is also invertible in the Calkin algebra L{P')/K{Ip)^ hence 
A is a Fredholm operator. The more interesting question is if the converse holds, 
i.e., if the invertibility oi A + L{Ip) in the Calkin algebra implies the invertibility 
oi A + K{IP) in J{PCp)/ K{Ip). If this imphcation holds for every A G T(PCp), 
one says that J{PCp)/K{lP) is inverse closed in L{Ip)/K{Ip). 

Let M denote the two-point compactification of the real line by the points itoo 
(thus M is homeomorphic to a closed interval) and let the function /ip : M — )■ C 
be defined by 

/ip(A) := (1 + coth(7r(A + i/p)))/2 

if A G M and by oo) = and /ip(+oo) = 1. Note that when A runs from 
— oo to oo then /ip(A) runs along a circular arc in C which joins to 1 and passes 
through the point (1 — icotiji /p)) /2. An easy calculation gives /ip(— A) = 1 — 
/ig(A), where l/p+l/q = 1. Thus, for fixed t G T, the values r(T(a)+i^(P))(t, A) 
defined in the following theorem run from a{t — 0) to a{t + 0) along a circular arc 
when A runs from — oo to oo. 

Theorem 1 (a) T{PCp) / K{Ip) is a commutative unital Banach algebra. 

{b) The maximal ideal space of ~[ [PCp) / K {IP) is homeomorphic with the cylinder 
T X M, provided with an exotic (non-Euclidean) topology. 

(c) The Gelfand transform T : J{PCp)/K{lP) C{T x 1) of the coset T{a) + 
K{IP) with a G PCp is 

r(T(a) + K{lP)){t, A) = a{t - 0)(1 - ^,(A)) + a{t + 0)^,(A). 

(rf) T{PCp)/K{lP) IS inverse closed m L{Ip)/K{Ip). 

The topology mentioned in assertion (b) will be explicitly described in Section 
[31 Note that this topology is independent of p. Since the cosets T(a) + K^F) 
with a G PCp generate the algebra T{PCp)/ K{Ip), the Gelfand transform on 
J{PCp)/ K{IP) is completely described by assertion (c). Thus, if A G T(PCp), 
then the coset A-\-K{Ip) is invertible in T{PCp)/K{lP) if and only if the function 
T{A+K{IP)) does not vanish on TxM. Together with assertion (d) this shows that 
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A G T{PCp) is a Fredholm operator if and only if r{A + K{1^)) does not vanish 
on T X M. It is therefore justified to call the function smbp A := T{A + K{1^)) 
the Fredholm symbol of A. 

The index of a Fredholm operator in T{PCp) can be determined my means of 
its Fredholm symbol. First suppose that a G PCp is a piecewise smooth function 
with only finitely many jumps. Then the range of the function 

r(T(a) + K{F)){t, A) = a{r){l - /i,(A)) + a(t+)/i,)(A) 

is a closed curve with a natural orientation, which is obtained from the (essential) 
range of a by filling in the circular arcs 

Cg(a(r), a(t+)) := {a(r)(l - fi,{X)) + a{t^)^l,){X) : A G 1} 

at every point t G T where a has a jump. (If the function a is continuous at t, 
then Cq(a(t~), a(t+)) reduces to the singleton {a(t)}.) If this curve does not pass 
through the origin, then we let windr(T(a) + K{P)) denote its winding number 
with respect to the origin, i.e., the integer l/(27r) times the growth of the argu- 
ment of r(T(a) + K{F)) when t moves along T in positive (= counter-clockwise) 
direction. If this condition is satisfied then T(a) is a Fredholm operator, and 

ind T(a) = -windr(T(a) + K{F)) 

(see [2], Section 2.73 and Proposition 6.32 for details). Moreover, as in Section 
5.49 of [2], one can extend both the definition of the winding number and the 
index identity to the case of an arbitrary Fredholm operator in T(PCp). More 
precisely, one has the following. 

Proposition 2 Let A G T{PCp) be a Fredholm operator. Then 

ind A = -wmdT{A + K{F)). 

We would like to emphasize an important point. The algebra T{PC2)/ K{P) 
is a commutative C*-algebra, hence the Gelfand transform is an isometric *- 
isomorphism from T{PC2)/K{1'^) onto C(T x M). In particular, the radical of 
T(PC2)/-ft'(/^) is trivial, and the equality smb2v4 = for some operator A G 
T{PC2) implies that A is compact. For general p it is not known if the radical of 
T{PCp)/ K{F) is still trivial; it is therefore not known if smbpA = implies the 
compactness of A. 

In order to state our results on the Fredholm property of operators in the 
Toeplitz+Hankel algebra TV\{PCp)/ K{P) we need some notation. Let T_|_ be the 
set of all points in T with non- negative imaginary part and set T|J_ := T_|_\{ — 1, 1}. 
Further let the function i/p : M — C be defined by 

z/p(A) := {2i sinh(7r(A + Vp)))"^ 
if A G M and by z/p(±cx)) = 0. Recall that 1/p + 1/q = 1. 
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Theorem 3 (a) Let a, b ^ PCp. Then the operator T(a) + H{b) is Fredholm if 
and only if the matrix 

smhp{T{a) + H{b)){t, \) := (1) 

a(t+)/i,(A) + a(r)(l - /i,(A)) - 6(r ))z/,(A) 

(6(r) - 6(t+))z/,(A) a(t-)(l - /i,(A)) + a(t+)/i,(A) 

zs invertible for every {t, A) G T° X R anc? if the number 

smhp{T{a) + H{b)){t, X) := (2) 
a(t+)/i,(A) + a(r)(l - /i,(A)) + tt - 6(r))z/,(A) 

is not zero for every {t, A) G {±1} x M. 

(6) r/ie mapping smbp defined in assertion (a) extends to a continuous algebra 
homomorphism from TH(PCp) to t/ie algebra T of all bounded functions on T+xM 
wi/i values in C^^^ on T*! x M anc? wi/i values in C on {±1} x M. Moreover, 
there is a constant M such that 

||smbpA|| := sup ||smbpA(t, A)||oo < M inf + (3) 

(t,A)eT+xl KeK{lP) 

for every operator A G TH (PCp). Here, ||i?||oo refers to the spectral norm of the 
matrix B . 

(c) An operator A G TH (PCp) has the Fredholm property if and only if the func- 
tion smbp A is invertible in T . 

(d) The algebra TH(PCp)/A'(P) is inverse closed in L{Ip)/K{Ip). 

Before going into the details of the proof, we remark two consequences of Theorem 
[3] which will be needed in the next section. 

Corollary 4 Let a,b E PCp and T{a) + H{b) a Fredholm operator on . Then 

(a) the function a is invertible in PCp, and 

(b) if b is continuous at ±1, then T{a) — H{b) is a Fredholm operator on F. 
Proof. If T{a) + H{b) is a Fredholm operator, then the diagonal matrices 

smbp (T(a) + H{b)){t, ±oo) = diag (a(t^), a(t^)) 

are invertible for every t G and the numbers smbp (T(a) + H{b)){l, ±oo) = 
a{l^) and smbp (T (a) + H{b)){—1, ±oo) = a((— 1)^) are not zero by assertion 
(a) of Theorem |31 Hence, a is invertible as an element of PC. Since the algebra 
PCp is inverse closed in PC by Proposition 6.28 in [2], assertion (a) follows. The 
proof of assertion (6) is also immediate from the form of the symbol described in 
Theorem |3] (a). ■ 
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The remainder of this section is devoted to the proof of Theorem [31 We will need 
two auxiliary ingredients which we are going to recall first. Let ^ be a unital 
Banach algebra. The center of A is the set of all elements a E A such that ab = ha 
for all 6 G v4. A central subalgebra of ^ is a closed subalgebra C of the center of 
A which contains the identity element. Thus, C is a commutative Banach algebra 
with compact maximal ideal space M(C). For each maximal ideal x of C, consider 
the smallest closed two-sided ideal X^. of A which contains x, and let $3, refer to 
the canonical homomorphism from A onto the quotient algebra A/X^. 

In contrast to the commutative setting, where C/x = 'C for all x G M(C), the 
quotient algebras A/X^ will depend on x G M{C) in general. In particular, it can 
happen that X^ = A for certain maximal ideals x. In this case we define that 
<l>^(a) is invertible in A/X^ for every a & A. 

Theorem 5 (Allan's local principle) LetC he a central suhalgehra of the uni- 
tal Banach algehra A. Then an element a E A is invertihle if and only if the cosets 
^xicL) ore invertihle in A/X^ for each x G M(C). 

Here is the second ingredient. Recall that an idempotent is an element p of an 
algebra such that = p. 

Theorem 6 (Two idempotents theorem) Let A he a Banach algehra with 
identity element e, let p and q be idempotents in A, and let B denote the smallest 
closed subalgebra of A which contains p, q and e. Suppose that and 1 belong 
to the spectrum crsipqp) of pqp in B and that and 1 are cluster points of that 
spectrum. Then 

(a) for each point x G (^^{pqp), there is a continuous algehra homomorphism 
$3; : ;B — > C^^^ which acts at the generators of B by 

where \/x{l — x) denotes any complex number with (^yx{l — a;))^ = x{l — x). 

(b) an element a E B is invertible in B if and only if the matrices ^x{o) O'l"^ 
invertible for every x G ^^{pqp). 

(c) if crsipqp) = crj\,{pqp), then B is inverse closed in A. 

We proceed with the proof of Theorem [3l which we split into several steps. 

Step 1: Localization. For every operator A G L{1'p), we denote its coset 
A + K{F) in the Calkin algebra by A'^, and for every multiplier a G M^, we put 
a{t) := a{l/t). The identities 

T{ab) = T{a)T{h) + H{a)H{b) and H{ab) = T{a)H{h) + H{a)T{b), (4) 

which hold for arbitrary a, b E M^, together with the compactness of the Hankel 
operators H{c) for c G Cp show that the set Cp of all cosets T{cy with c E Cp and 
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c = c forms a central subalgebra of the algebra TH{M^)/K{1^) and, in particular, 
of the algebra TH{PCp)/K{l^). One can, thus, reify Allan's local principle with 
TH{PCp)/ K{F) and Cp in place of A and C, respectively. It is not hard to 
see that the maximal ideal space of Cp is homeomorphic to the arc T+, with 
t G T+ corresponding to the maximal ideal {c E Cp : c(t) = 0} of Cp. We let JJt 
denote the smallest closed ideal of TH{PCp)/K{P) which contains the maximal 
ideal t and write for the coset A"" + Jt of A e TH{PCp). Instead of T{a)'^ 
and H{b)1 we often write T^{a) and H[{b), respectively, and the local quotient 
algebra {JH{PCp)/K{lP))/Jt is denoted by TH7(PCp) therefore. By Allan's local 
principle, we then have 

(^TH{PCp)/K(ip){A'') = Utei:+crj^f(pCp){AJ) (5) 

for every A e JH{PCp). 

Step 2: Local equivalence of multipliers. Let a, b E PCp and t E T+. We 

show that if a(t^) = and a(t^) = then T^{a) = T^ib) and H[{a) = 

H^{b). This fact will be used in what follows in order to replace multipliers by 
locally equivalent ones. It is clearly sufficient to prove that if a G PCp satisfies 
a(t±) = a(t^) = 0, then r^(a), //^(a) E Jt- We will give this proof for t E T° ; 
the proof for for t = ±1 is similar. 

Given 5 > 0, let / G PC such that ||a — /||a/p < ^- Then there is an open arc 
U := (e"*'^t, e*^t) C T+ such that |a(s)| < e almost everywhere on t/Uf/ and such 
that / has at most one discontinuity in each of f/ and U . Then < le for 

s eU VMJ . Now choose a real- valued function (^q ^ C°°(T) such that '^^if) = 1, 
the support of ipQ is contained in U, and v^o is monotonously increasing on the 
arc {e~''^t, t) and monotonously decreasing on (t, e^^t). Set := ipo + <A)- Then 
if = if), and 

T^U) - T-{f^) = T-{f{l - V)) = T-(/)T-(l - V^) G Ju 
H^if) - H^if^) = H-{f{l - ^)) = H-{f)T-{l - ^) G Jt. 

Since H/v^Hoo < Se: and Var(/</?) < Se, we conclude that H/v^lU/p < 10cp5 from 
Stechkin's inequality. Thus, ||T'^(/v3)|| < l^CpS and \\H^{f^)\\ < lOcpE, with a 
constant Cp depending on p only. Thus, T'^{a) differs from the element T'^{f) — 
T'^ (/(/?) G Jt by the element T'"[a — /) + T'^{fip), which has a norm less than 
(1 + 10cp)e. Since e > is arbitrary and Jt is closed, this implies T'^(a) G J7f. 
Analogously, iP'(a) G J"*. 

Step 3: The local algebras at t G T^. We start with describing the local 
algebras TH^ (PCp) at points t E T^. Let Xt denote the characteristic function 
of the arc in T which connects t with i and runs through the point -1. Clearly, 
Xt G PCp. The crucial observation, which is a simple consequence of the identities 
(jl]), is that the operator T{xt) + H{xt) is an idempotent. Further, let (ft G Cp be 
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any multiplier such that < (/?t < 1, v^t(t) = 1, (/'(t) = and (pt + (ft = l- Again 
by dlD, the coset T^i^ipt) is an idempotent. 

We claim that the idempotents pt '■= T^i'^t) and qt := T^ixt) + H^iXt) 
together with the identity element e := If generate the local algebra T\-\J{PCp). 
Let a, b E PCp. Then, using step 2, 

T-(a) = a(t+)T-(xty^i) + a(t-)r-((l-xO'^t) + «r)^r(Xt(l-V't)) 

+ a{t+)Tn{l-Xt){l-Vt)). (6) 

It is not hard to check that 

Ttixm) = PtqtPt, 

T^iC^ -Xt)Vt) = Pt{e-qt)pt, 

TtiXti'^-Vt)) = {e-pt)qt{e-pt), 

T,-{{l-Xt){l-Vt)) = {e-Pt){e-qt){e-pt). (7) 

Let us verify the first of these identities, for example. By definition, 

ptqtpt = TnVt)TnXt)TnVt) + TnVt)HnXt)TnVt). 

Since T[ipt) commutes with T{xt) modulo compact operators and H{(pt) is com- 
pact, we can use the identities (jll) to conclude 

T,^cp,)Tl^iXt)T:i^t) = T^{xt)T^{vt) = T^ixm). 
Further, due to the compactness of H{ipt) and H{(pt), 

Tn^t)H[ixt)Tn^t) = HU^txt)Tn^t) = n^i^am). 

Since (ptXt'Pt is a continuous function, (iptXt^t) = 0. This gives the first of the 
identities (I7j). The others follow in a similar way. Thus, ([6]) and ([7]) imply that 
T^{a) belongs to the algebra generated by e, pt and qt- Similarly, we write 

H^{b) = h{t^)H^{xm) + h{t-)H^{{l-Xt)^t) + h{t-)H^{Xt{l-^t)) 

+ b{i^)Hn{l-Xt){l-Vt)) (8) 

and use the identities 

Htixm) = Ptqt{e-Pt), 

Htii^ - Xt)Vt) = -PtQtie - Pt), 

HtiXti^ - Vt)) = (e - Pt)qtPt, 

H:{{l-Xt){l-Vt)) = -{e-pt)qtPt (9) 

to conclude that H[{b) also belongs to the algebra generated by e, pt and qt. 
Thus, the algebra TH J" (PCp) is subject to the two idempotents theorem. 
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In order to apply this theorem we have to determine the spectrum of the coset 
PtQtPt = T^iXtft) in that algebra. We claim that 

(TTHUPcdTI'ixm)) = {f^.W : A G 1} (10) 
with l/j9 + 1/g = 1. Let at G PCp be a multiplier with the following properties: 
(a) at is continuous on T \ {t} and has a jump at t G T. 
(6) atit+) = xtit+) = 1 and at{t-) = xt{t~) = 0. 

(c) at takes values in {/ig(A) : A G M} only. 

[d) at is zero on the arc joining —t to t which contains the point 1. 

Then, by TheoremUl the essential spectrum of the Toeplitz operator T{at) in each 
of the algebras L{Ip)/K{Ip) and T{PCp)/K{lP) is equal to the arc {//^(A) : A G 1}. 
Hence, the essential spectrum of T{at), now considered as an element of the 
algebra TH{PCp) /K{Ip), is also equal to this arc. Hence, 

t^THr(PC,)m"(at))C{/i,(A):AGl} 

by Allan's local principle. Since T^{at) = T^{xt^t), this settles the inclusion C 
in ( ITOj) . For the reverse inclusion, let bt G PCp be a multiplier with the following 
properties: 

(a) bt is continuous on T \ {t} and has a jump at t G T. 

(b) bt{t^) = Xt{t^). 

(c) bt takes values not in {/ig(A) : A G M} on the arc joining —t to t which 
contains the point —1. 

(d) bt is zero on the arc joining —t to t which contains the point 1. 

Then, again by Theorem [1], the essential spectrum of the Toeplitz operator T{bt) 
in each of the algebras L{F)/K{F) and T{PCp)/K{P) is equal to the union of 
the arc {fiq{X) : A G M} and the range of bt. Hence, the essential spectrum of 
T{bt), now considered as an element of the algebra TH{PCp)/K{lP), is also equal 
to this union. Since bt is continuous on T \ {t} by property (a), we have 

^thj(pc,)(T;(60) = {btis), btirs)} 

for s G T^|_\{t}. Since the points bt{s) and bt{s) do not belong to {/ig(A) : A G M} 
by property (c), we conclude that the open arc {fiq{X) : A G M} is contained in 
the local spectrum of T{bt) at t. Since spectra are closed, this implies 

{fiq{X) : X eW} C aj^j^POiTt^bt)). 

Since T^ipt) = T^{xtft) by property (b), this settles the inclusion D in (ITOl) . 

Since t'g(A)^ = /iq(A)(l — /iq(A)), we can choose y^/i^^Ay^T^^T^glAiy = i^q{^)- 
With this choice and identities (E]) - ([9]) it becomes evident that the two idem- 
potents theorem associates with the coset T^{a) + Ht{b) the matrix function 

/a(t+K(A)+a(r)(l-/i,(A)) {b{t^) - b{t-))uq{X) \ 

V ^Ki-) - binHiX) a(r)(l - ^,(A)) + a(t+)^,(A) J 
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on R. 



Step 4: The local algebra at 1 G T+. Next we are going to consider the local 
algebra TH1{PCp) at the fixed point 1 of the mapping t ^ i. Let / : T — C 
denote the function e** H- 1 — s/tt where s G [0,27r). This function belongs to 
PCp, and it has its only jump at the point 1 G T where /(l^) = ±1. Using ideas 
from [17], it was shown in [18] by one of the authors that the Hankel operator 
H[f) belongs to the Toeplitz algebra T(PCp) and that its essential spectrum is 
given by 

ae..(i/(/)) = {2zz/,(A): AgI}. (11) 

(in fact, this identity was derived in [18] with p in place of g, which makes no 
difference since Up{—\) = ^'^(A) for every A.) Let x+ denote the characteristic 
function of the upper half-circle T+. Since every coset T^{a) with a G PCp is 
a linear combination of the cosets If and T[{x+) and every coset H^{b) is a 
multiple of the coset H^{f), the local algebra TH^(PCp) is singly generated (as a 
unital algebra) by the coset T^{x+)- Iii particular, TH^(PCp) is a commutative 
Banach algebra, and its maximal ideal space is homeomorphic to the spectrum 
of its generating element. Similar to the proof of ( fTOj) one can show that 

o^THr(PC,)(T,'^(x+)) = {/i,(A) : A G 1} (12) 

It is convenient for our purposes to identify the maximal ideal space of the algebra 
TH7(PCp) with 1. The Gelfand transform of Tl{x+) is then given by A t-^ /ig(A) 
due to ( fT2l) . Let h denote the Gelfand transform of Hf{f). From (j4j) we obtain 

The function // is continuous at 1 G T and has the value —1 there, and the 
function / + / is continuous at 1 G T and has the value there. Thus, 

i/r(/)2 = -jf +T-(/)2. 

Since T^{f) = T[{2x+ - 1) = 2Tf (x+) - we conclude that 

h{Xy = (2/i,(A) - 1)2 - 1 = (sinh(7r(A + z/g)))^' 

if A G M and by h{±oo) = 0. By flTT]) . this equality necessarily implies that 

h{X) = (sinh(7r(A + i/q)))'^ = 2tiJg{X) 

if A G M and /i(±oo) = 0. Combining these results we find that the Gelfand 
transform of T^{a) + H1{h) is the function 

A ^ a(l+)^,(A) + a(r )(1 - /i,(A)) + i (6(1+) - h{l~))ug{\). 

Step 5: The local algebra at — 1 G T+. It remains to examine the local algebra 
TH'L]^(PCp) at the point —1. Let A : — denote the mapping (x„)„>o H- 
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((— l)"x„).„>o. Clearly, A ^ = A, and one easily checks (perhaps most easily on 
the level of the matrix entries, which are Fourier coefficients) that 

A-^T(a)A = r(a) and A-^^r(a)A = -H{a) 

for a G PCp, where a(t) := a{—t). Thus, the mapping A i— )■ A^-^AA is an automor- 
phism of the algebra TH(PCp), which maps compact operators to compact oper- 
ators and induces, thus, an automorphism of the algebra TH{PCp)/K{l^). The 
latter maps the local ideal at 1 to the local ideal at —1 and vice versa and induces, 
thus, an isomorphism between the local algebras TH^(PCp) and TH^j^(PCp), 
which sends T{{x+) to TZ,{1 - x+) and to -H1,{1 - x+) = Hl,{x+), 

respectively. 

Step 6: Prom local to global invertibility. We have identified the right-hand 
sides of ([T]) and ([2]) as the functions which are locally associated with the oper- 
ator T(a) + H{b) via the two idempotents theorem and via Gelfand theory for 
commutative Banach algebras, respectively. It follows from the two idempotents 
theorem and from Gelfand theory that the so-defined mappings smbp (t. A) ex- 
tend to a continuous homomorphism from TH(PCp) to C^^^ or C, respectively, 
which combine to a continuous homomorphism from TH(PCp) to the algebra 
T. Allan's local principle then implies that the coset A + K{1^) of an operator 
A e TH(PCp) is invertible in TH{PCp) / K{1'p) if and only if its symbol does not 
vanish. The proof of estimate (|3]) will base on Mellin homogenization arguments. 
We therefore postpone it until Section |5l see estimate (!26|l . 

Step 7: Inverse closedness. It remains to show that 'TH{PCp) / K{F) is an 
inverse closed subalgebra of the Calkin algebra L{F)/K{P). We shall prove this 
fact by using a thin spectra argument as follows: If ^ is a unital closed subalgebra 
of a unital Banach algebra B, and if the spectrum in A of every element in a dense 
subset of A is thin, i.e. if its interior with respect to the topology of C is empty, 
then A is inverse closed in B. See, e.g., [12], Corollary 1.2.32, for a simple proof 
of this argument. 

Let ^0 be the set of all operators of the form 

/ k 

A:=Y, IliT{aij) + H{bij)) with A,,, kj e PC, (13) 
i=i j=i 

and write aJJ^{A) for the spectrum of A in TH{PCp) / K{Ip). Then Ao/K{Ip) is 
dense in TH{PCp)/K{P), and the assertion will follow once we have shown that 
TH{PCp)/K{lP) is thin for every A G A- 

Given A of the form f|T3|) . let Q denote the set of all discontinuities of the 
functions fly and bij, and put Q := (fi U fi) ft T+. Clearly, f2 is a finite set. By 
what we have shown above, 

c'L^i^) = U(t,A)eT+xlf^(smbp {A){t, A)) 
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where ct{B) stands for the spectrum (= set of the eigenvalues) of the matrix B. 
We write crfj (A) as Si U S2 U S3 where 

51 := U(j;,)g|„ii}^i(T(smbp(A)(t, A)), 

52 := U(j^;^)g(Tr«\f2)xS^(smbp(A)(t, A)), 
^3 := U(,^;,)g(^\^_,^,„^s^(smbp(A)(t, A)). 

It is clear that Si is a set of measure zero. It is also clear that each set 

^2,t ■■= U;^gia(smbp A)) with t G T° \ 

has measure zero. Since the functions aij and bij are piecewise constant, the 
mapping t )■ S2,t is constant on each connected component of \ Q, and the 
number of components is finite. Thus, S2 is actually a finite union of sets of 
measure zero. Since Q is finite, it remains to show that each of the sets 

^3,t ■■= UAeit^(smbp A)) with tEh\ {-1, 1} 

has measure zero. For this goal it is clearly sufficient to show that each set 

S°, := UAgRa(smbp {A){t, A)) with teh\ {-1, 1} 

has measure zero. Let t E Q \ { — 1, 1}, and write smbp {A)(t, A) as (cij(A))^,,-^i. 
The eigenvalues of this matrix are s±(A) = (cii(A) + C22(A))/2 ± ^/r{X) where 

r(A) = (aii(A) + a22(A))V4 - (aii(A)a22(A) - ai2(A)a2i(A)) 

and where \/r{X) is any complex number the square of which is r{X). Since 
r is composed by the meromorphic functions coth and 1 / sinh, the set of zeros 
of r is discrete. Hence, M \ {A G M : r(A) = 0} is an open set, which as the 
union of an at most countable family of open intervals. Let / be one of these 
intervals. Then I can be represented as the union of countably many compact 
subintervals /„ such that the intersection fl Im consists of at most one point 
whenever n ^ m and each set r(J„) is contained in a domain where a continuous 
branch, say /„, of the function z t-)- ^/z exists. Then ±fn o r :/„—;■ C is 
a continuously different iable function, which implies that (±/„ or)(/„) is a set 
of measure zero. Consequently, the associated sets s±{In) of eigenvalues have 
measure zero, too. Since the countable union of sets of measure zero has measure 
zero, we conclude that each set S3 ^ has measure zero, which finally implies that 
^ess (^) = Si U S2 U S3 has measure zero and is, thus, thin. This settles the proof 
of the inverse closedness and concludes the proof of Theorem [31 ■ 

We would like to mention that there is another proof of the inverse closedness 
assertion in the previous theorem which is based on ideas from [S] and which 
works also in other situations. 
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3 An extended Toeplitz algebra 



In the proof of the announced index formula for Toephtz plus Hankel operators, 
we shall need an extension of the results of the previous section to certain matrix 
operators. For /c G N and X a linear space, we let and X^x/c stand for the 
linear spaces of all vectors of length k and of all k x /c-matrices with entries in 
X, respectively. If X is an algebra, then Xkxk becomes an algebra under the 
standard matrix operations. If X is a Banach space, then X^ and X^xfc become 
Banach spaces with respect to the norms 

k 

=y2\\xj\\ and \\{aij)lj^-^\\=k sup ||ay||. (14) 

l<i,j<k 

If, moreover, X is a Banach algebra, then X^xk is a Banach algebra with respect to 
the introduced norm. Actually, any other norm on X^ and any other compatible 
matrix norm on X^xk will do the same job. Note also that if X is a C*-algebra 
there is a unique norm (different from the above mentioned) which makes X}^xk 
to a C*-algebra. Since we will not employ C*-arguments, the choice (031) will be 
sufficient for our purposes. 

Let T°(PCp) denote the smallest closed subalgebra of L(/^(Z)) which contains 
the projection P and all Laurent operators L{a) with a G PCp. The algebra 
T^{PCp) contains T(PCp) in the sense that the operator PL{a)P : imP — imP 
can be identified with the Toeplitz operator T{a). For /c e N, the matrix algebra 
T^{PCp)kxk will be also denoted by T2^^(PCp). One can characterize T°^^(PCp) 
also as the smallest closed subalgebra of L(/^(Z)fc) which contains all operators of 
the form L(a)diagP + L(&)diagQ with a, 6 G {PCp)kxki where Q := I — P , diag A 
stands for the operator on L{P{Z)k) which has A G L{P{'L)) at each entry of its 
main diagonal and zeros at all other entries, and where L[a) = {L{aij))^j^i refers 
to the matrix Laurent operator with generating function a = (ajj)f Note that 
K{lP{Z)k) is contained in Jl^i^{PCp). 

The Fredholm theory for operators in T^xki-^^p) ^^^^ known. We will 
present it in a form which is convenient for our purposes. Our main tools are again 
Allan's local principle (Theorem |5]) and a matrix version of the two idempotents 
theorem (Theorem [6]) due to [5]. Here is the result. 

Theorem 7 Let a, b E {PCp)kxk- 

(a) The operator A := L{a)dia,g P + L{b)diagQ is Fredholm on F{'L)k if and only 
if the matrix 

(smbp A)(t, A) = 

( a{t-) + (a(t+) - a(t~))diag /ig(A) {h{t+) - 6(r ))diag z/g(A) \ 

V (a(t+) - a(t-))diagz/,(A) b{t+) - {b{t+) - 6(t-))diag/i,(A) ) 

is invertible for every pair {t, A) G T x M. 
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(6) The mapping smbp defined in assertion (a) extends to a continuous algebra 
homomorphism from T°^^(PCp) to the algebra T of all bounded functions on 
T X M with values in V-2kx2k- Moreover, there is a constant M such that 

||smb„v4|| := sup ||smb„A(t, A)|U < M inf + (15) 

{t,A)gT+xl Xei^(ZP(Z),) " 

for every operator A G T°^^(PCp). 

(c) An operator A G T°x^,(PCp) has the Fredholm property on P{Z)k if and only 
if the function smbp A is invertible in T . 

(d) The algebra T^x^(PCp)/Jr(/^(Z)fc) is inverse closed in the Calkin algebra 
L{l^{Z)k)/K{P{Z)u). 

(e) If A E T°xfc(-PCp) is a Fredholm operator, then 

indA = — wind (det smbp A)/(det 022(^5 00) det 022(^5 —00))) 

where smbp A = (ajj)^^^^ with k x k-matrix-valued functions aij. 
It is a non-trivial fact that the function 

: T X 1, {t, X)^ detsmbpA(t, A)/(det a22(t, oo)deta22(t, -00)) 

forms a closed curve in the complex plane. Thus, the winding number of W is 
well defined if A is a Fredholm operator. 

The remainder of this section is devoted to the proof of Theorem [3 We shall 
mainly make use of results from Sections 2.3 - 2.5 in [TT] and Chapter 6 in [2]. 
We will be quite sketchy when the arguments are close to those from the proof 
of Theorem [31 

Step 1: Spline spaces. We start with recalling some facts about spline spaces 
and operators thereon from [11]. Let X[o,i] denote the characteristic function of 
the interval [0, 1] C M and, for n G N, let 5'^ denote the smallest closed subspace 
of LP(M) which contains all functions 

^pk,ni^) ■= X[o,i]{nt - k), t G M, 

where /c G Z. The space /^(Z) can be identified with each of the spaces Sn in 
the sense that a sequence (x^) is in /^(Z) if and only if the series '^k^iXk^k,n 
converges in Lp(M) and that 



in this case. Thus, the linear operator 
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and its inverse E^n '■ L^{M.) D Sn 1^{Tj) are isometries for every n. Further we 
define operators 

L„ : LP(M) S"™, u ^ n^^{u, ipk,n)^k,n 

with respect to the sesqui-hnear form (m, v) := J^uvdx, where u G L^(R) and 
V G -^'^(IR) with l/p+l/g = l. It is easy to see that every L„ is a projection 
operator with norm 1 and that the L„ converge strongly to the identity operator 
on L^(M) as n — 7- oo. Finahy we set 

Yt : F{Z) -> (xk) ^ it-^Xk) for t G T. 

Clearly, Yt is an isometry, and Y^^^ = Y^-i. One easily checks that Y{~^ L(a)Yt = 
L{at) with at{s) = a{ts) for every multiplier a, which implies in particular that 
Yf'T'{PCp)Yt = TO(PCp). 

Step 2: Some homomorphisms. In Sections 2.3.3 and 2.5.2 of ^1] it is shown 
that, for every A G T^{PCp) and every t G T, the strong limit 

smbt^ := s-limn^ooEnYf^AYtE_nLn 

exists and that the mapping smbj is a bounded unital algebra homomorphism. 
This homomorphism can be extended in a natural way to the matrix algebra 
'^kxki^^p)- denote this extension by smb^A again. 

In order to characterize the range of the homomorphism smb^, we have to 
introduce some operators on Lp(]R). Let x+ stand for the characteristic function 
of the interval = [0, oo) and fo^^ ^he operator of multiplication by x+- 
Further, S^. refers to the singular integral operator 

TT^ y_oo S - t 

with the integral understood as a Cauchy principal value. Both x+J and S'r 
are bounded on Lp(M), and S'^ = /. Thus, the operators Pr := (/ + S^)/2 
and := / — Pr are bounded projections on L^iM). We let S^(]R) stand 
for the smallest closed subalgebra of L(L^(]R)fc) which contains the operators 
diagx+-^, diagS'iR, and all operators of multiplication by constant k x /c-matrix- 
valued functions. 

Theorem 8 LetteT. Then 
(a) smbjdiagP = diagx+J. 

(6) smbt L(a) = a(t+)diag(5K + a(t")diagPK for a G {PCp)kxk- 

(c) smbf K = for every compact operator K . 

(d) smbt maps the algebra T°^^.(PCp) onto S^(R). 

(e) The algebra is inverse closed in L(L^(]R)fc). 
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Assertion (c) of the previous theorem imphes that every mapping smbf induces a 
natural quotient homomorphism from 'T^{PC.p) / K{F{'L)) to S^(M). We denote 
this quotient homomorphism by smbt again. It now easily seen that the estimate 
( ITSl) holds for every A G T^xfcl-PC'p) (with the constant M = 1 for = 1). 

Step 3: The Predholm property. Since the commutator L{a)P — PL{a) is 
compact for every a G Cp, the algebra Cp := {diagL(a) : a G Cp}/ K{F{Z)k) lies 
in the center of the algebra A := Tl^i.{PCp) / K {Z) k) ■ It is not hard to see that 
Cp is isomorphic to Cp] hence the maximal ideal space of Cp is homeomorphic to 
the unit circle T. In accordance with Allan's local principle, we introduce the 
local ideals J't and the local algebras At := A/J't at t G T. 

By Theorem [8] [b), the local ideal J7t lies in the kernel of smbt- We de- 
note the related quotient homomorphism by smbt again. Thus, smbt is an al- 
gebra homomorphism from At onto S^(M), which sends the local cosets con- 
taining the operators diagP and L{a) with a G {PCp)kxk to diagx+-?^ and 
a(t+) diagC^R + a(t~) diagP^, respectively. By Theorem 2.3 in [11], this homo- 
morphism is injective, i.e., it is an isomorphism between At and E|(]R). 

Since Pr and diagx+-^ are projections, the algebra S^(M) is subject to the 
two projections theorem with coefficients, as derived in [5]. Alternatively, this 
algebra can be described by means of the Mellin symbol calculus, see Section 2.1 
in [11]. In each case, the result is that an operator of the form 

(a+diagx+/ + a~diagx-/) diagPs + (6+diagx+/ + &~diagx-/) diag^R (16) 

where X- •= 1 ~X+ and a^, G C^xk is invertible if and only if the {2k) x {2k)- 
matrix-valued function 



is continuous on M and that this function connects a+ with a~ if A runs from 
—oo to +00. For the sake of index computation, one would prefer to work with 
a function which connects a~ with a"*" if A increases. Since /Xp(— A) = 1 — /ig(A) 
and z/p(— A) = t'g(A) with q satisfying l/p + 1/g = 1, we obtain that the operator 
A in ([TB]1 is invertible if and only if the matrix function 



is invertible on M. This observation, together with the local principle, implies 
that the coset L(a)diagP + L{b)dia,gQ + K{F{'L)k) is invertible in the quotient 




is invertible at each point A G M. Note that the function 



A t-)- a"^diag (1 — /ip(A)) + a diag /ip(A) 
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algebra T°^^(PCp)/i^(P(Z)fc) if and only if the matrix function in assertion (a) 
of Theorem [7] is invertible. In particular, this gives the "if" -part of assertion (a). 
The "only if" -part of this assertion follows from the inverse closedness assertion 
{d), which can be proved using ideas from [5], where inverse closedness issues of 
two projections algebras with coefficients are studied. The proof of assertions (6) 
and (c) of Theorem Theorem [7] is then standard. 

Step 4: The index formula. It remains to prove the index formula (e). First 
we have to equip the cylinder T x R with a suitable topology, which will be dif- 
ferent from the usual product topology. We provide T with the counter-clockwise 
orientation and R with the natural orientation given by the order <. Then the 
desired topology is determined by the system of neighborhoods U(to, Xq) of the 
point (to, Ao) e T X M, defined by 

U{to, -oo) = {{t, X) e T xR : \t - to\ < 5,t to} U {{to, X) e T xW : X < e}, 

U{to, +oo) = {{t, X) e T xR : \t - to\ < 6,to t} U {{to, A) G T x 1 : e < A} 
if Ao = ±oo and by 

U{to, Ao) = {{to. A) G T X 1 : Ao - 5i < A < Ao + ^2} 

if Ao G R, where 5 G R and 6, 61,62 are sufficiently small positive numbers, and 
where t -< s means that t precedes s with respect to the chosen orientation of 
T. Note that the cylinder T x R, provided with the described topology, is just 
a homeomorphic image of the cylinder T x [0, 1], provided with the Gohberg- 
Krupnik topology. The latter has been shown by Gohberg and Krupnik to be 
(homeomorphic to) the maximal ideal space of the commutative Banach algebra 
T{PC_p)/K{Py, see [6] and [2], Proposition 6.28. If one identifies T x [0, 1] with 
T X R, then the Gelfand transform of a coset A + K{Ip) of A G T(PCp) is just 
the function T{A) defined in Theorem [H 

It is an important point to mention that while the function smhpA for A GG 
Tfcxfcl-P^p) is not continuous on T x R (just consider the south-east entry of 
smbp {L{a)P + L{h)Q)), the function 

{t. A) I—)- dQtsvabp A{t, A)/(det a22(t, oo)deta22(t, —00) 

is continuous on T x R. This non-trivial fact was observed by Gohberg and 
Krupnik in a similar situation when studying the Fredholm theory for singular 
integral operators with piecewise continuous coefficients (see [7]; an introduction 
to this topic is also in Chapter V of [T5]). 

We will establish the index formula by employing a method which also goes 
back to Gohberg and Krupnik and is known as linear extension. This method has 
found its first applications in the Fredholm theory of one-dimensional singular 
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integral equations; see [101 US]- We will use this method in the slightly differ- 
ent context of Toeplitz plus Hankel operators. Therefore, and for the readers' 
convenience, we recall it here. 

Let ;B be a unital ring with identity element e. With every h x r-matrix 



(3 := {hjif!j'l^^ with entries in B, we associate the element 



(17) 



generated by (3 and call the bji the generators of el(/3). For each element of this 
form, there is a canonical matrix ext(/3) G Bsxs with s = h{r + 1) + 1 with entries 
in the set {0, e, bjk : I < j < h, 1 < k < r} and with the property that el(/3) is 
invertible in B if and only if ext(/3) is invertible in Bsxs- Actually, a matrix with 
this property can be constructed as follows. Let 



ext(/3) : = 



Z X 
Y 



eh,(r+l) 

W e 



e/i(r-+l) 





where ei denotes the unit element of Bi 



/O 5i 




Z := eh{r+i) + 
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with Bj : 



iij, U2j, . . . , uhj), X is the column — (0, 



diag(6ij, 62j, • • • , 
hr zeros followed by /i identity elements, Y is the row (e, . . 

identity elements followed by hr zeros, and W := (Mq, 
Mo := (e, . . . , e) consisting of /i identity elements and 



0, e, . . . , e)"^ with 
, , e, 0, . . . , 0) with 
Ml, ... , MJ with 



Mj := (611612 . . . 6ij, 621622 • • • 62J, . . . , bhibh2 ■ ■ ■ bhj) 

for j = 1, . . . , r. The matrix ext(/3) in ( ITSi) is called the linear extension of el(/3). 

Since the outer factors on the right-hand side of ( fT8|) are invertible, it follows 
indeed that el(/3) is invertible in B if and only if its linear extension ext(/3) is 
invertible in Bsxs- As a special case we obtain that if the bji are bounded linear 
operators on some Banach space S, then el(/3) is a Fredholm operator on B 
if and only if ext(/3) is a Fredholm operator on L{B)sxs = L{Bs). Moreover, 
indel(/3) = indext(/3) is this case. 

We shall apply this observation for B = /^(Z)^ and for the generating opera- 
tors 

bji := L{cji) diagP + L{dji) diagQ with cji, dji e {PCp)kxk- (19) 
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Put f3 := {hji)^-'l^^, 7 := {L{cji))'^'[^^ and 6 := {L{dji))^-'l^^. The linear extensions 
of 7 and 5 are Laurent operators again; thus ext(7) = L(c) and ext(5) = L{d) 
with piecewise continuous multiphers c and d. Moreover, 

ext(/3) = L(c) diagP + L{d) diagQ. (20) 

If el(/3) is a Fredholm operator then, by Theorem [7] (a), the matrices c(t^) and 
(i(t^) are invertible for every t G T. Hence, c and ci are invertible in {PCp)ksxks- 
This fact together with the above observation imphes that the operator el(/3) 
is Fredholm on /^(Z)^ if and only if its linear extension ext(/3) is Fredholm on 
P{7j)ks, which on its hand holds if and only if the Toeplitz operator T{d~^c) is 
Fredholm on /^^, and that the Fredholm indices of the operators el(/3), ext(/3) 
and T{d~^c) coincide in this case. The symbol of the Toeplitz operator T{d~^c) 
is the function 

smhp{T{d-^c)){t, A) = (d-^c)(t+)diag^^(A) + (rf-^c)(t-)diag (1 - fig{X)) 

(which stems from the matrix-version of Theorem [1]), and smbp (ext(/3)) =: 
{aij)f j^i is related with smbp {T{d~^c)) via 

det smbp (T((i~"'^c))(t, A) = det(smbpext(/3))(t, A)/(det a22(i, oo) det a22(t, — oo)) 

as can be checked directly; see [101 [15] for details. This fact can finally be used 
to derive the index formula for Fredholm operators of the form el(/3) with the 
entries of /3 given by ( !T9|) . For details we refer to [lOl [15] again, where a similar 
setting is considered. 

Since the operators el(/3) lie dense in Tl^j^{PCp), the index formula for a 
Fredholm operator in this algebra follows by a standard approximation argument. 
To carry out this argument one has to use the estimate 

||smb„el(/3)|| < M inf ||el(/3) + K\\ 
with M independent of /3, which is an immediate consequence of ( ITSll . ■ 



4 The index formula for T + //-operators 

Our next goal is to provide an index formula for Fredholm operators of the 
form T(a) + H{h) on where a, h are multipliers in PCp with a finite set of 
discontinuities. We start with a couple of lemmata. 

Lemma 9 If a e C(T) n M'^p\ then H{ a) is compact on 1^ . 

Proof. It is shown in Proposition 2.45 in [2] that C{T) n M<f> C Cp (in fact it 
is shown there that the closure of C(T) fl M^^^ in the multiplier norm equals Cp) 
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and in Theorem 2.47 that H{a) is compact on if a G Cj 



For a subset Vt of T, let PC{VL) stand for the set of all piecewise continuous 
functions which are continuous on T \ fi, and put PC(p)(l^) := PC{n) n M<p). 
Thus, := PC(p){(l)) = C{T) n M^pK From 6.27 in [2] one concludes that 
PC(p){n) C PCp if is finite. 

In what follows, we specify Qq := {ri, . . . , Tm} to be a finite subset of T\{±1} 
and put f2 := fio U {±1}. Let (fo G C(p) be a multiplier which satisfies (p = (f, 
takes its values in [0, 1], and is identically 1 on a certain neighborhood of {—1, 1} 
and identically on a certain neighborhood of f2o U fio- Moreover, we suppose 
that (/?Q + = 1 where ipi := 1 — (fQ. 

Lemma 10 Let c G PC(p)({ — 1, 1}) and d G PC(^p){VLq). Then the operators 
H{c)T{d) — H{cdipo) and T{c)H{d) — H{cdipi) are compact on P. 

Proof. We write H{c)T{d) = H{c)T{d)T{ipo) + H{c)T{d)T{^i) with 

H{c)T{d)T{y^o) = H{c){T{d^o)-H{d)H{^o)) 

= Hicdifo) - T{c)H{dipo) - H{c)H{d)H{^o), 

H{c)T{d)T{ip^) = H{c)T{ipi)T{d) + H{c){T{d)T{ip,)-T{^,)T{d)) 
= {H{c^{)-T{c)H{^))T{d) 

+ H{c) {H{d)H{^^) - H{^^)H{d)) . 

The operators H{d(fQ), H((fo), H{c(fi), H{ipi) and H((fi) are compact by Lemma 
m which gives the first assertion. The proof of the second assertion proceeds 
similarly. ■ 

Lemma 11 Let Og, bo G PC(p)({— 1, 1}) and Oi, &i G PC(p)(f2o). Then the op- 
erator 

(T(ao) + H{bo)){T{a^) + H{b^)) - {T{aoa^) + H{a^b,^,) + H{a,b^^^)) 
is compact on P. 

Proof. We write (T(ao) + if(6o))(T(ai) + H{bi)) as 

T{ao)T{ai) + T{ao)H{bi) + H{bo)T{ai) + H{b^)H{b^) 

= T(aoai) + K, + H{aobi^i) + K2 + i/(6oai^o) + + 

where Ki := T(ao)T(ai) -T(aoai) and lU ■= H{bo)H{bi) = T{bo)T{bi) -T{bobi) 
are compact on 1^ by Proposition 6.29 in [2], and K2 := T{ao)H{bi) — H{aobi(pi) 
and -K's := H{bo)T{ai) — -ff(6o«iV^o) are compact by Lemma [TOl ■ 

The following proposition provides us with a key observation; it will allow us to 
separate the discontinuities in Qq and { — 1, 1}. 
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Proposition 12 Let a, b & PC{p){VL). If the operator T{a) + H{h) is Fredholm 
on P, then there are functions Oq, bo G PC(p)({ — 1, 1}) and ai, bi G PC(p)(f2o) 
such that T(ao) + H{bo) and T(ai) + H{bi) are Fredholm operators on F and the 
difference 

(T(ao) + /J(6o))(T(ai) + H{b,)) - (T(a) + H{b)) 

is compact. 

Proof. If T{a) +H{b) is Fredholm on then a is invertible in PCp by Corollary 
m (a). Since the maximal ideal space of PCp is independent on p and a G PC(j,), 
one even has G PCi^p). 

Let [/ and K be open neighborhoods of {—1, 1} and fio U fio, respectively, 
such that clos U fl clos V = ^. We will assume moreover that U = f/_i U Ui is the 
union of two open arcs such that ±1 G f/±i, and that V = V^UV_ is the union of 
two open arcs such that V+ C T° and V_ C T \ T° . Note that these conditions 
imply that closf/_i fl closf/i = 0. 

Now we choose a continuous piecewise (with respect to a finite partition of T) 
linear function c on T which is identically 1 on clos V, coincides with a on dU, 
and does not vanish on T \ [/. This function is of bounded total variation; thus 
c G C(T) n M^P\ whence c G Cp as mentioned in the proof of Lemma [9l Put 
ao := axu + cxt\u- Then ao G PC(j,) and a^^ G PCi^p). Further, set ai := a^^a. 
The function ai is identically 1 on f/ and coincides with a on V . Since PCi^p) is 
an algebra, ai belongs to PC(^p). Finally, set bo := b(po and 6i := b(pi, with (^jq 
and as in front of Lemma [TOl 

The above construction guarantees that Oq, &o ^ -PC(p>({~1) 1}) ^i^d ai, 6i G 
PC(p)(f2o), and the operator 

(T(ao) + H{bo)){T{ai) + - (T(aoai) + H{aiboipo) + i^(aofei<^i)) 

is compact on by Lemma [HI The functions (ai — l)&oV'o and (ao — l)fei<^i 
vanish identically on a certain neighborhood of fl by their construction. Hence, 
the Hankel operators H{{ai — l)bo(po) and H{{ao — l)biipi) are compact by Lemma 
[9l which implies that the operator 

(T(ao) + H{bo)){T{a,) + if(6i)) - (T(aoai) + i/(6o<^o) + i^(&i<^i)) 

is compact. Since aoai = a and bo^Po + ^iV^i = b{(pl + ipf) = b, and since 
T{ao) + H{bo) and T(ai) + H{bi) are Fredholm operators on P by Theorem [3l 
the assertion follows. ■ 

By the previous proposition, 

ind (T(a) + H{b)) = ind (r(ao) + H{bo)) + ind (r(ai) + i/(6i)). 

Since H{bo) G T(PCp) as already mentioned, and since an index formula for 
Fredholm operators in T(PCp) is known (see, e.g., 6.40 in [2]), the determination 
of ind (T(ao) + H{bo)) is no serious problem. The following theorem provides us 
with a basic step on the way to compute the index of T(ai) + H{bi). 
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Theorem 13 Let a, b ^ PC(p)(f2o)- If one of the operators T{a) ± H{b) is 
Fredholm on then the other one is Fredholm on too, and the Fredholm 
indices of these operators coincide. 

Proof. By Corollary H] (6), the operators T{a) + H{h) and T{a) — H{b) are 
Fredholm operators on 1^ only simultaneously. It remains to prove that their 
indices coincide. Recall from the introduction that T(a) = PL{a)P and H{a) = 
PL{a)QJ. Thus, the index equality will follow once we have constructed a Fred- 
holm operator D such that the difference 

D{PL{a)P + PL{b)QJ + Q)- {PL{a)P - PL{b)QJ + Q)D (21) 

is compact. The following construction of -D is a modification of an idea in [12]. 
(Note that the compactness of the operator ( 12T1) also provides an alternate proof 
of the simultaneous Fredholm property of the operators T(a) ± H{b).) 

A function c G Mp is called even (resp. odd) if c = c (resp. c = — c) 
or, equivalently, if JL{c)J = L{c) (resp. JL{c)J = — L(c)). Every function 
c G Cp can be written as a sum of an even and an odd function in a unique 
way: c = (c + c)/2 + (c — c)/2. Let 6o and 6^ be an odd and an even function in 
C(T) n M<P\ respectively, and assume that 6^ vanishes at all points of Qq (and, 
hence, at all points of Qq). Put 

D := PLi9, + e,)P + QL{e, - 9,)Q. (22) 

We will later specify the functions 6o and 6e such that D becomes a Fredholm 
operator. First note that 

JPLiOo + e,)PJ = -QLie, - 9,)Q, JQL{9o - 9,)QJ = -PL{e, + e,)p, 

whence JDJ = —D and JD + DJ = 0. Next we show that D commutes with the 
operator PL{a)P + PL{b)Q + Q up to a compact operator. Since the Toeplitz 
operators PL{6o + Oe)P and PL{a)P commute modulo a compact operator, it 
remains to show that D commutes with PL{b)Q up to a compact operator. The 
latter fact follows easily from the identity 

DPL(b)Q - PL{b)QD 

= PLiOo + e,)PL{b)Q - PL{b)QL{9, - e,)Q 
= PL{9o + d,)L{b)Q - PL{9o + d,)QL{b)Q 

- PL{b)L{do - 9,)Q + PL{b)PL{do - Be)Q 
= 2PL{e,b)Q - PLiOo + e,)QL{b)Q + PL{b)PL{e, - e,)Q 

and from the compactness of the operators PL{9(.b)Q and PL{6o±6e)Q by Lemma 
M (note that O^b G C(T) fl M^^'^). The compactness of the operator fl^T]) is then a 
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consequence of the identity 

D{PL{a)P + PL(b)QJ + Q)- {PL{a)P - PL{b)QJ + Q)D 
= DPL{a)P - PL{a)PD + DPL{b)QJ + PL{h)QJD 
= DPL{a)P - PL{a)PD + {DPL{b)Q - PL{b)QD)J 

and of the compactness of the commutators [D, PL{a)P] and [D, PL{b)Q]. 

Finally we show that the functions 6e and 60 can be specified such that the 
operator D in ( l22l) is a Fredholm operator on F. Set 6o{t) := — Ip for t G T. 
Then 60 is an even function in C°°{T) and 6'o := Xt+^o — Xt_^o is an odd function 
in C(T) nM<P>. Further, 

m 

0^[t) ■=iY[\t-Tj\'^\t-T]\\ teT 

defines an even function 9^ G C{T) fl M^^^ which vanishes at the points of Qq. 
Since 60 and 26*6 are real-valued functions, we conclude that 60 ± 6e are invertible 
in C(T) n M^^\ which implies that Z) is a Fredholm operator as desired. ■ 

Now we are in a position to derive an index formula for a Fredholm operator of 
the form T(a) + H{b) with a, b E PC{p){Qo)- We make use of the well-known 
identity 

PL{a)P + PL{b)QJ + Q 

PL{a)P - PL{b)QJ + Q 

= -(^ J\(PL{a)P + Q PL{b)Q \(I I 

2\I -Jj[jPL{b)QJ J{PL{a)P + Q)J J [j -J 
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where the outer factors in fl23l) are the inverses of each other. Thus, if one of 
the operators T{a) ± H{b) = PL{a)P ± PL{b)QJ is a Fredholm operator, then 
so is the other, and the Fredholm indices of these operators coincide. Hence the 
middle factor 

PL{a)P + Q PL{b)Q \^(PL{a)P + Q PL{b)Q 

JPL{b)QJ J{PL{a)P + Q)J J \ QL(b)P QL{a)Q + P 

in fl23|) is a Fredholm operator, and 

md{T{a) + Hib)) = - md ^ ^^^^^^ QL{~a)Q + P 

^1. (PL{a)P PL{b)Q\ 
2 \QL{b)P QL{a)Q ) ' 

For the latter identity note that the operator 

_fPLia)P + Q PL{b)Q 
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has the complementary subspaces Li := {{Qxi, PX2) : (xi, X2) G P{Z)2} and 
L2 := {(Pxi, QX2) '■ (xi, X2) G /^(Z)2} of 1^(1^)2 as invariant subspaces and that 
y4 acts on Li as the identity operator and on L2 as the operator 

fPL{a)P PmQ\ 
°- V^^W^ QL{d)Qj- 

Let the function : T x 1 ^ C be defined by 

W(t, A) = detsmbpylo(t, X)/{a(t, oo)d{t, -00)). 

Since T{a) + H{h) is Fredholm, ly does not pass through the origin, and Theorem 
[7] entails that indAo = — windVr. Thus, 

ind (T(a) + H{h)) = -^wind W. 

We are going to show that actually 

ind (T(a) + H{b)) = -windx+H^, (24) 

where the right-hand side is defined as follows. The compression of W onto T+ x M 
is a continuous function the values of which form a closed oriented curve in C 
which starts and ends at 1 G C and does not contain the origin. The winding 
number of this curve is denoted by windx+W^- Analogously, we define windT_W^- 
For the proof of fl2^ we suppose for simplicity that a and b have jumps only 
at the points ti and ti where ti G T*]_. If t moves along T+ from 1 to ti (resp. 
on T_ from 1 to ti), then the values of W{t, A) = a(t)/a(t) = a{t)/a(t) move 
continuously from 1 to a(tj~)/a(ti^) (resp. from 1 to a{ti^) / a{t{)). Using that 
Wit, A) = W(t, for t G T \ {-1, 1}, one easily concludes that 

[argVr]i^j,cT+ = [arg Vr]i^^icT_ 

where the numbers on the left- and right-hand side stand for the increase of the 
argument of if t moves in positive direction along the arc from 1 to ti in ¥+ 
and along the arc from ti to 1 in T_, respectively. Analogously, 

[argiy]_i^j^cT_ = [argVr]t,^_icT+. 

Consider 

W{h,\)l{a{Ti^)a{Ti-)) 

= [a(t+)^,(A) + a(tr)(l - /^,(A))] [a{U^)^^,{\) + a(t7")(l - /i,(A))] 

-m) - h{t-,))m^) - 6(tr~))/i,(A)(i - /i,(A)) 

and the related expression for W{ti, X) / {a{ti)a{t^)) . Then 

[argW^]c,(a(ir),a(*+)) = [argW^]c,Ktr-),a(tr+)) 
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because W{ti, \)/{a{ti )a(ti )) = W{ti, \) /(a(tf)a{t^)). So we arrive at the 
equality windf+W^ = mndj_^W , whence follows. 

Now suppose that a, b E PC{p) are continuous onT\{ — 1, 1}. Then we define 
a function : T+ x 1 by 

Wit, A) = (a(t+)/i,(A) + a(r)(l - ^,(A)) + zt(6(t+) - h{t-))u,{\)) a-\±l^) 

if t = ±1 and by W{t, A) = a{t)/a(t) if t G T°_. The function W is continuous 
and determines a closed curve which starts and ends at 1 G C. If T(a) + H{h) 
is a Fredholm operator, then this curve does not pass through the origin and 
possesses, thus, a well defined winding number. 

Since T{a) + H{b) is in T{PCp) and the symbol : TxM ^> C of this operator 
relative to the algebra T{PCp) is known (it is just given by 

V{t, A) = a(t+)^,(A) + a(t-)(l - /i,(A)) + zt{b{t+) - 6(r))z/,(A) 

if t = ±1 andby A) = a{t) ift G T\{-1, 1}) and since indT(a) = -windT^^, 
one can again prove that windxV = windx+W^ by comparing the increments of 
the arguments as above. 

Now we look at the factorization given by Proposition [12] and denote by Wq 
and Wi the above defined function 14^ : T+ x M for the operators T(ao) + H{bo) 
and T(ai) + H{bi), respectively. It is easy to see that WqW^i coincides with the 
function W for the operator T(a) + H{b). Summarizing, we get 

Theorem 14 Let a, b E -PC*(p> ^'^^ T{a) + H{b) a Fredholm operator on F . Then 

ind (T(a) + H{b)) = — windx+Wo — windx+W^i = — windx+VT 

with W , Wq and Wi defined as above. 

5 The general case 

In this section we want to sketch an approach to derive an index formula for an 
arbitrary Fredholm operator A G TH{PCp). With A, we associate the function 
W{A) -.T+xW^C defined by 



where we wrote smhpA{t, A) = {aij{t, X))lj=i for t G T° . For A = T{a) + H{b), 
this definition coincides with that one from the previous section. 

Theorem 15 If A E TH{PCp) is a Fredholm operator, then 



W{A){t, A) 



smbpA(t, A)/smbpy4(t, =Foo) if t = ±1 

detsmbpA(t, X)/{a22(t, oo)a22(t, — oo)) if t 7^ ±1 



ind A 



wind j^W{A). 



(25) 
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The remainder of this section is devoted to the proof of this theorem. It will 
become evident from this proof that Vr(yl) traces out a closed oriented curve 
which does not pass through the origin; so the winding number of Vr(yl) is well 
defined. 

We start with the observation that Theorem [3] remains true for matrix- valued 
multipliers a, b E {PCp)kxk- just replace /i^, I — fJ^q and Ug by the corresponding 
k X /c-diagonal matrices diag/ig, diag(l — fig) and diagi^g, respectively. Also 
Proposition [2] holds in the matrix setting: If 

T(a) + H{b) := (diagP)L(a)(diagP) + (diagP)L(6)(diaggj) 

is a Fredholm operator, then the identity 

ind (r(a) + H{b)) = -wind W{T{a) + H{b)) 

still holds if one replaces in the above definition of W all scalars by the determi- 
nants of the corresponding matrices. These facts follow in a similar way as their 
scalar counterparts. 

Now let ttji, bji e PCp, consider the h x r-matrix (3 := {T{aji) + -f^(&j«))j,z=n 
and associate with (3 the operator 

h 

A := el(/3) = 5^(T(a,i) + • • • {T{a^r) + H{b,r)) e TH(PCp) 

i=i 

as in (IT7I) . Further set 7 := {L{aji))^'[^^ and S := {L{bji))'^'[^^. The linear 
extensions of 7 and 6 are Laurent operators again; thus ext(7) = L{a) and 
ext((5) = L{b) with certain multipliers a, b E {PCp)sxs with s = h{r + 1) -|- 1. 
Moreover, these extensions are related with the extension of /3 by 

ext(/3) = T(ext(7)) + if(ext(5)) = T(a) + H{h) e 1(1^) 

(note that H{1) = 0). In Section [3] we noticed that if el(/3) is Fredholm, then 
(and only then) ext(/9) is Fredholm and indel(/3) = indext(/3). Further, if el(/3) 
is a Fredholm operator, then the matrices a(t^) are invertible for every t G T. 
Hence, a is invertible in {PCp)sxs- Now consider 

h 

smbp el(/3) = smbp (T(aji) + H{bji)) . . . smbp (r(aj>) + H{bjr)). 
i=i 

Let t 7^ ±L Then smbp (T(a) + H{b)){t, A) is a matrix of size 2s x 2s. We put 
the rows and columns of this matrix in a new matrix according to the following 
rules: If j < /i(r + 1) + 1, then the j th row of the old matrix becomes the 2j — 1 
th row of the new one, whereas if j > /i(r + 1) + 1, the j th row of the old 
matrix becomes the 2(j — h{r + 1) — 1) th row of the new matrix. The columns of 



27 



smbp (T(a) + H{b))(t, A) are re-arranged in the same way. The matrix obtained 
in this way is just smbp el(/3)(t, A). By these manipulations, 

smbpel(/3)(t, A) = Psmbp {T{a) + H{b)){t, X)V^ 

with a certain permutation matrix V and its transpose V^. Hence, 

det smhp{T (a) + H{b)){t, A) = det smbp (el(/3))(t. A) 

for t 7^ ±1. For t = ±1 we do not change the matrix smbp (T(a) + H{b)){t, A). 
For t 7^ ±1, we write smbp (T(a) + H{h){t, A) = {amnit, •^))mn=i 



Then 



smbp(r(a,,) + H(b,,))(t, A)) = (a;i(«, X))l„^,. 



i = l « = 1 

and it follows that 

deta22(t, ±oo) = detext(p(t, ±oo)) 

where p(t, ±oo) := (a^2('^5 ±00))^^^^^ It is now easy to see that 

WW)){t, A) = W{T{a) + H{h)){t, A) = Vr(ext(/3))(t, A) 

for all (t. A) G T+ X R, which implies that indel(/3) = — wind Tr+W^(el(/3)) and, 
thus, settles the proof of the index formula fl25|) for a dense subset of Fredholm 
operators in TH (PCp). 

Finally, we are going to prove estimate 02]), i.e., we will show that there is a 
constant M such that 

llsmbp A||oo < Minf{||A + K|| : compact} (26) 

for every operator A G TH (PCp). Once this estimate is shown, the validity of the 
index formula (1251) for an arbitrary Fredholm operator in TH (PCp) will follow by 
standard approximation arguments as at the end of Section [31 

To prove fl26l) . we consider TH (PCp) as a subalgebra of the smallest closed 
subalgebra 'T^j{PCp) of L(/^(Z)) which contains all Laurent operators L[a) with 
a G PCp, the projection P, and the flip J. The homomorphism smbt defined in 
Section [3] cannot be extended to the algebra J^j{PCp) unless t = ±1. Instead, we 
are going to use ideas from [1] and introduce a related family of homomorphisms 
smbj J with t G from T^j{PCp) onto (Ef(M))2x2- A crucial observation ([4]) is 
that the strong limit 

smb., A := s-lim„^oo ( ) (27) 

with At^n,i,j '■= EnYf^L{xT+)J^^J^ L{x'f+)YtE-nLn exists for every operator A G 
T;}(PCp)'and every t G 1° . 
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Theorem 16 Lett G Then the mapping smh^j is a bounded homomorphism 
from Tj(PCp) onto (S^(M))2x2- In particular, 

(a) sm\jP = diag(x+^, X~I) with x- = I - X+, 

(b) smht j L{a) = diag {a{t+)Q^ + a{t-)P^, a{t~)QM. + a(t^)PiR) for a e PCp, 

(c) smbj J K = for every compact operator K , 

(d) smb)- j J = 

Sketch of the proof. The existence of the strong limits of the operators in 
(a) - (d) and their actual values follow by straightforward computation. Let us 
check assertion (a), for instance. For A = P, the strong limits of the diagonal 
elements of the matrix fl27p exist and are equal to x+I X-I by Theorem 
E] (a) and since JPJ = Q. Now consider the 01-entry of that matrix. It is 
L{Xt+)PJ = JL{Xt-)Q and thus 

EnY~^L{xT+)PJL{x'f+)YtE^nLn 

= [E^Y-^JYtE.,:) {ErXt-^L{xf-)QL{xT+)ytE-nLn) ■ (28) 

The first factor on the right-hand side is uniformly bounded with respect to n, 
whereas the second one tends strongly to by Theorem [8] (note that Xt- (t) = 
for t e Tl_). Thus, the sequence of the operators (!28|) tends strongly to zero. The 
strong convergence of the 10-entry to zero follows analogously. 

Another straightforward calculation shows that the mappings smbjj are alge- 
bra homomorphisms and that these mappings are uniformly bounded with respect 
to t G T^. Thus, the mappings smb^ j are well-defined on a dense subalgebra of 
Tj(PCp), and they extend to (uniformly bounded with respect to t) homomor- 
phisms on all of Tj(PCp) by continuity. ■ 

By assertion (c) of the previous theorem, every mapping smb^ j induces a quo- 
tient homomorphism on T^j{PCp)/ K{F{Z)) in a natural way. We denote this 
homomorphism by smb^ j again. 

Now we are ready for the last step. Let t G T'^ and a, b & PCp. From 
Theorem [16] we conclude that then the operator smb^ j(T(a) + H{b)) is given by 
the matrix 

( X+Ht+JQR + a{t~)P^)x+I X+iKt^_)QR + bit~)P^)x^I \ 
\x~{b{t )QR + b{t'^)PM)x+I X~Ht )Qn + a{t)P^)x^I ) 

acting on L^{E)2- This matrix operator has the complementary subspaces 
Li ■■= {(X-/i, X+/2) : /i, /2 e L^(M)}, L2 := {(x+/i, X-/2) : /i, /2 G L^(M)} 

of L^(M)2 as invariant subspaces, and it acts as the zero operator on Li. So we 
can identify smb^ j(T(a) + H{b)) with its restriction to L2, which we denote by 
Aq for brevity. 
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The space L2 can be identified with L^(M) in a natural way. Under this 
identification, the operator Aq can be identified with the operator 

:= x+(a(t+)QR + a{r)P^)x+I + X+ip{t^)QR + h{t-)P^)x-I 
+xAKt~)QR + b(t+)P^)x+I + X-(a(r)QM + a(r)PM)x-/ 

which belongs to S^(]R). It is well known (see Section 4.2 in [19]) and not hard to 
check that the algebra E^(M) is isomorphic to Eg ^ 2(1^+) 5 where the isomorphism 
r] acts on the generating operators of S^(]R) by 

^(^M)=(f^^ _f;J and ry(x+/)=(j q), 
with ifjr referring to the Hankel operator 

on Z/P(R+). The entries of the matrix r]{Ai) are Mellin operators, and the value 
of the Mellin symbol of 77(^1) at (t. A) G T° x M is the matrix 

/a(t+)/x,(A) + a(r )(1 - /i,(A)) (6(t+) - b{t-))u,{X) \ 

\ (bit-) - b{-t))u,{\) a(r)(l - /i,(A)) + a(t+)/i,(A) ) ' 

which evidently coincides with smbp {T{a)+H{b)){t, A) given in ([T]). Summarizing 
the above arguments we conclude that the homomorphisms 

A + K{F) ^ (smbp A) (t. A) 

are uniformly bounded with respect to {t, A) G x M, which finally implies the 
estimate (|26|1 . ■ 
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